There are three key dimensions by which revealed preference bounds on consumer demand responses to price variation can be improved. The first relates to the improvements that arise from using expansion paths for given relative prices, E-bounds. The second concerns the addition of new price information. Thirdly, there are improvements due to assuming separability. Our previous research has examined the first two cases. In this paper we show how to impose these separability assumptions within a fully nonparametric analysis and distinguish between weak and homothetic separability. We also apply these ideas to the analysis of demand responses using UK household level data.
Introduction
Measuring the responses of consumers to variation in relative prices and in income is at the centre of applied welfare economics: it is a vital ingredient of tax policy reform analysis and is also key to the measurement of market power in modern empirical industrial economics.
Parametric models have dominated applications in this field but this is increasingly seen to be both unwise and unnecessary. To quote Dan McFadden in his presidential address to the Econometric Society: "[parametric regression] interposes an untidy veil between econometric analysis and the propositions of economic theory". Popular parametric models place strong assumptions on both income and price responses. The objective of the research agenda which underlies this paper is to accomplish all that is required from parametric models of consumer behaviour using only nonparametric regression and revealed preference theory.
The aim of this research is to combine the inequalities which summarise the axioms of revealed preference (RP) with the nonparametric estimation of consumer expansion paths (Engel curves). The empirical setting we have in mind is one where we have consumer level data on commodity expenditures and incomes across a finite set of discrete relative price or tax regimes. In Crawford (2003, 2007) we have shown how to use the RP inequalities of Afriat (1967) and Varian (1982 Varian ( , 1983 in such an empirical setting to generate tight bounds on welfare measures and on consumers demand responses. In this paper we extend these results to examine the impact of nonparametric separability restrictions. These are shown to further tighten the bounds on demand responses. However, without parametric restrictions demand responses remain only set identified in the sense of Manski (2003) .
Freeing up the variation in demand responses to relative price changes across the income distribution is one of the key contributions of this research agenda. Historically parametric specifications in the analysis of consumer behavior have been based on the Working-Leser or Piglog form of preferences that underlie the popular Almost Ideal and Translog demand models of Deaton and Muellbauer (1980) and Jorgenson, Lau and Stoker (1982) . Even though more recent empirical studies have suggested further nonlinear income terms, (see, for example, Hausman, Newey, Ichimura and Powell (1995), Lewbel (1991) , Blundell, Pashardes and Weber (1993) , Banks, Blundell and Lewbel (1997) ), responses to relative prices at different incomes for these parametric forms remain unnecessarily constrained.
There are three broad mechanisms for the improvement of revealed preference bounds.
The first of these uses nonparametrically estimated Engel curves (or expansion paths) to provide tight bounds on cost of living indices and on demand responses. These 'expansion path based bounds' are labelled E-bounds, see Crawford (2003, 2007) .
The second improvement comes from the use of more price information. Typically consumers are observed choosing demands under a finite set of different relative prices. Relative prices are assumed to be different over time or across different markets as supply costs and production technology changes. Blundell, Browning and Crawford (2007) investigate the value of more relative price variation in improving the bounds on demand responses. In this paper, we turn to improvements that can be achieved through grouping goods according to separability.
We show how to impose separability restrictions within a fully nonparametric analysis and distinguish between weak, homothetic and exact index separability. These improvements are first considered theoretically using standard consumer theory arguments and are then applied to the empirical analysis of consumer behaviour.
In our empirical analysis relative price variation occurs over time and we consider consumer behaviour as it is recorded in standard repeated consumer expenditure surveys such as the US Consumers Expenditure Survey and the UK Family Expenditure Survey. The latter is the source for our empirical analysis. We observe samples of consumers, each of a particular household type, at specific points in time. Assuming consumers are price-takers, we can recover expansion paths by estimating Engel curves at each point in time. We present E-bounds for own and cross price responses using these expansion paths. We allow for sampling variation in the estimated expansion paths and consider whether perturbations to preferences can be found that allow revealed preference theory to be maintained while lying within standard confidence intervals.
The remainder of the paper is as follows: in section 2 we examine the improvements in RP bounds on demand responses that occur due to the use of expansion paths. We also consider the advantage of adding in more relative price variation. This section draws heavily on Blundell et al (2007) . In Section 3 we consider improvements that can result from different forms of separability. We show how to impose separability restrictions within a fully nonparametric analysis and distinguish between weak, homothetic and exact index separability. These improvements are first considered theoretically using standard consumer theory arguments and are then applied to the empirical analysis of consumer behaviour. In section Section 4 we apply these ideas to analyse demand responses using the household level data in the UK Family Expenditure Survey. Section 5 concludes.
Improving Bounds with Expansion Paths
Let p be a J-vector of prices and x total expenditure. We assume that every agent responds to a given budget (p, x), with a unique, positive demand J-vector which we denote q(p, x).
We further assume that these demands satisfy adding-up (p 0 q(p, x) = x) and normality (q(p, x 0 ) ≥ q(p, x 00 ) if x 0 > x 00 ). We shall only be considering demand functions for a finite number of distinct relative prices; an expansion path for for a given price vector p t is defined as q t (x) = q(p t , x) (with q j t denoting the demand for good j in period t). In our empirical analysis below we shall estimate an expansion path for each price regime in our data; we refer to these expansion paths as observed expansion paths or observed demands.
The goal of our research is to find the set of possible demand responses to a new budget and set of relative prices, such that these are consistent with already observed demands and utility maximisation. That is, we take a set of observed prices and expansion paths {p t , q t (x)} t=1,..T and ask what demands that are consistent with utility theory could arise, given a new budget {p 0 , x 0 }. To do this with no appeal to parametric assumptions we use revealed preference conditions. Specifically, we take the Strong Axiom of Revealed Preference (SARP) (see Varian (1982) for the relationship between SARP and the more usual GARP). To state SARP we need to define what we mean by revealed preference. If at prices p t the agent chooses q t and we have p 0 t q t ≥ p 0 t q s then we say that q t is directly revealed weakly preferred to q s , denoted q t R 0 q s . If we have a chain q t R 0 q u , q u R 0 q v , ...q w R 0 q s then we say that q t is revealed weakly preferred to q s and denote this by q t Rq s . Given this, SARP is defined by the following:
The main features of our analysis can be captured in a simple two good, two period example, as shown in Figure 1 . 1 In this figure, the two expansion paths are shown as q 1 (x) and q 2 (x).
The hypothetical budget line is given by the budget {p 0 , x 0 }. The points at which the two expansion paths intersect the new budget, at q 1 (x 1 ) and q 2 (x 2 ), are termed intersection demands. 2 Formally, thex t at which expansion path q 1 (x) intersects is defined implicitly by the equation:
Given uniqueness and normality, a unique value ofx t will always exist for every expansion path. The budget lines for the intersection demands are labelled {p 1 , e x 1 } and {p 2 , e x 2 } respectively. Given the budget lines we have drawn, the two intersection demands satisfy SARP since neither is revealed weakly preferred to the other. Given all this, we are now in a position to identify the points on the {p 0 , x 0 } budget line that are consistent with utility theory and the observed expansion paths. These are simply the points q 0 such that
The set of all such points are labelled S (p 0 , x 0 );
following Varian (1982) we term this the support set for {p 0 , x 0 }. It will be clear that any point on the new budget line that is not in S (p 0 , x 0 ) leads to a violation of SARP. Conversely, any point in S (p 0 , x 0 ) is weakly revealed preferred to the intersection demands and they are not directly revealed preferred to any point in the interior of S (p 0 , x 0 ). Extending this insight to many goods and many periods we have the following general definition for the support set for any (p 0 , x 0 ):
wherex t is defined as in equation (1). Note that the support set is empty if and only if the observed data set fails SARP and it is a singleton if and only if the hypothetical relative prices are the same as an observed set of relative prices; that is, if p 0 = λp t for some t and λ > 0. We refer to the boundaries of the support set as E-bounds since they are the bounds derived from the expansion paths. The definition of S (p 0 , x 0 ) as given in (2) is not suited to empirical implementation as it stands; Blundell et al (2007) show how to calculate E-bounds using standard linear programming techniques.
( ) ) show that the support set as defined here makes the best use of the data in the following sense. Take any points on the expansion paths,q t for t = 1, ..T and construct the pseudo-support set
Blundell et al (2007) show that S 0 (p 0 , x 0 ) contains S (p 0 , x 0 ). In general, the set inclusion will be strict ifq t 6 = q t (x t ) so our E-bounds are strictly smaller than those given by any other choice of observed demands to generate the support set.
With no further structural restrictions and no more information this is the most that we can squeeze out of the data and basic theory to bound demands. Considering more time peri- 
Improving Bounds with Separability and Price Aggregation
The aggregation of goods or the incorporation of some form of separability assumption is commonplace in empirical analysis of consumer behaviour. The main benefits are those brought about by the corresponding dimension reduction in the demand system and the consequent easing of the data requirements and the simplification of the estimation procedure.
Here we examine the impact on bounds on demand responses that arises from assuming separability of different forms, as well as the effect of aggregating commodities.
Suppose that we are principally interested in the own-price demand curve of a particular good of interest. Partition the set of goods into the good of interest q 1 t and all other goods which are labelled q 2 t for convenience. The utility function u (.) is (weakly) separable with respect to the group q 2 t if we can write the utility function as
where U 2 (.) is a sub-utility function and u is strictly increasing in U 2 . The RP conditions for separability provided by Matzkin and Richter (1991) and Varian (1983) can be used to define a new, separability-consistent support set which we denote by S S (p 0 , x 0 ):
where we note that 1/λ t can be interpreted as the price index for U 2 t . The definition of the separability-consistent support set makes clear that the restrictions required by separability (weakly) improve the bound.
Under weak separability the price index for q 2 t depends on group expenditure (p 20 t q 2 t ) but we can add the requirement that U 2 (.) is homothetic and define a homothetic separabilityconsistent support set which we denote by S H (p 0 , x 0 )
This further restriction weakly improves the separability-consistent bound. As well as potentially improving the bounds, the homothetic separability requirement is also computa-tionally convenient because it reduces the number of 'free parameters' (the Afriat Numbers {U 2 t , 1/λ t } t=0,...,T and the demand vector q 0 ) in the problem to J + T + 1 compared to J + 2 (T + 1) in the separable case. Additively separability can also be used 3 to define improved bounds using the restrictions in Varian, (1983, Theorem 6) .
The use of separability restrictions improves bounds by restricting substitution responses and achieving a dimension reduction to a two group demand system (the good of interest, and "other goods"). The principal difference from a simple two-good system is that the quantity and price indices for the separable group are not known; they are represented by the Afriat
..,T and whilst their values are restricted by the inequalities in (5) and (6), any values which satisfy these requirements are valid. Since the support set will, in general, depend on the selected values for these Afriat Numbers, it needs to be defined over all admissible values. If, however, the price and quantities indices were known uniquely, then the support set could be defined for the two-good system using (2) with the price and quantity indices replacing the data for the group.
The impact of utilising these restrictions can be seen from the Figure 2 . This simulation utilises Cobb-Douglas preferences over three goods with four observed relative price regimes.
The simulated data is homothetically separable for any two of the three goods and the true demand curve for the remaining good (the good of interest) is illustrated. We then consider the gains of various improvements to the basic support set. The bounds labelled "RP Bounds" illustrate the maximum and minimum demands for the good of interest within the support set defined in (2) . As expected, these bounds are the widest and we note first the improvement from exploiting homothetic separability restrictions (labelled "RP and Separability Bounds") and then the further improvement which can be made if we use the correct Cobb-Douglas price and quantities indices for the separable group (labelled RP and Index Number Aggregation") thereby reducing the dimension of the problem to a simple two-good situation. the income distribution. Relative food prices saw some abrupt rises as the tariff structure and food import quotas were changed in Europe early in the period under study. In our discussion of separability we also examine a higher dimensional system. The Family Expenditure Survey is a repeated cross-section survey consisting of around 7,000 households in each year. From these data we draw a relatively homogeneous sub-sample of couples with children. This gives us between 1,421 and 1,906 observations per year and 40,731 observations over the entire period. We use total spending on nondurables to define our total expenditure variable. Figure   3 shows the mean budget shares for these goods over the period 4 . As can be seen, the mean budget share for food exhibits a large fall whereas services are rising steadily over our data period. good. We see a steadily rising price for services relative to food and nondurables. 
Estimating Expansion Paths
Consumers who are observed in the same time period and location are assumed to face the same relative prices. Under this assumption, Engel curves for each location and period correspond to expansion paths for each price regime. we use a shape invariant specification to pool over different demographic types of households (see, for example, Blundell, Browning and Crawford (2003) who show that is an effective way of allowing for demographics). We account for the possible endogeneity of total expenditure using the control function approach (see Blundell and Powell (2003) ). 5 Let d i represent a (D × 1) vector of household composition variables relating to household i. Our specification takes the form:
where w i j is the expenditure share for household i on good j. To account for the endogeneity of ln x we specify:
where z are a set of variables which include the demographic variables d i and earned income as an excluded instrument. The required assumption for the control function approach is:
so that semiparametric regression using an augmented equation (7) that includes functions of v i will produce consistent estimates of g j , α and γ (see Newey, Powell and Vella (1999) ).
E-Bounds on Demand Responses
We begin by illustrating the idea of E-bounds using a three good demand system. Using the estimated expansion paths we recover the intersection demands for each {p 0 , x 0 } budget and check the revealed preference conditions for the data {p t , q t (x t )}. We find (by searching for chronologically ordered SARP-consistent sub-periods) that the periods 1982 to 1991 satisfy SARP. Figure 5 shows the convex hull of the price data corresponding to this sub-period.
Comparison of Figures 4 and 5 shows the reduction in the space spanned by the convex hull of the prices once SARP-violating intersection demands have been dropped. 6 we present the own and cross-price demand curves for food for the median income individual using the reduced set of SARP-consistent observations. As can be seen from a comparison with Figures 4, the bounds on the food demand curve are particularly tight when the p 0 vector is in the dense part of the observed price data. Outside the convex hull of the price data the E-Bounds widen considerably; so much so, indeed, that we cannot rule out that households would stop buying food if the relative price of food rose a little above the price seen in 1982! We now consider whether imposing separability tightens the bounds. 
E-Bound Improvements with Separability
We begin the analysis of the improvements afforded by adding separability restrictions to those which just use the intersection demands and SARP by looking at how the bounds on the own demand curve for Food change when nondurables and services are grouped together in a separable subgroup. The raw data reject weak separability of services and nondurables with respect to food. We have therefore imposed separability at the intersection demands using the minimum distance criteria developed in Blundell, Browning and Crawford (2007), Figure 8 : The cross-price demand bounds for Services suitably augmented to account for separability restrictions. The intersection demands have thus been perturbed by the minimum (Euclidean) distance such that they satisfy the RP conditions for separability provided by Matzkin and Richter (1991) and Varian (1983) . Using the separability-consistent intersection demands we have computed the support sets (2) and (5) and the resulting own-price and cross-price bounds are illustrated in Figures 9, 10 and   11 . The bounds with the separability restrictions are shown as dashed lines and the bounds without separability are shown by the solid lines (the same as in Figures 6-8 ). Note that since we use 'perturbed intersection points, the bounds with separability imposed are not always inside the unrestricted bounds, but they are very close. Figure 11 : The cross-price demand bounds for Services -with and without separability restrictions improvement brought about by the separability restrictions is relatively modest. Of course, separability restrictions come into their own in demand systems which need to accommodate a larger number of goods. The greater the level of disaggregation confronting the researcher, the greater the potential benefits of separability. It is to this issue of separability in higher dimensional restrictions which we now turn.
E-Bound Improvements in Higher dimensional systems with Separability
In this section we consider the impact of imposing separability restrictions on the E-bounds on demand responses in a higher dimensional case in which preferences over many goods are constrained by separability restrictions over subsets of these goods. In particular, we take an expanded set of demands over six commodity groups which break up the food, other goods and services into six categories, food consumed at home ("Food In"), food consumed away from home ("Food Out"), alcohol and tobacco, other nondurables, services and travel (see Appendix for the breakdown of the commodity groups). We examine the two food categories and consider separability restrictions on the other goods.
It might be expected that the real improvements in the E-bounds from separability come from reducing a higher dimensional problem. Indeed the gains could be substantial when there are many goods. The changes in VAT rates over the period provide useful variation in the relative price of food consumed inside (which is not eligible for VAT) and food consumed outside (which is eligible). In the following examples we continue to use the sub-period 1982 through 1991. Figure 12 shows the own-price demand curve for food consumed at home (Food In) in the 6 good system (outer solid lines). The first obvious effect is that of the impact of disaggregation on the bounds: compared to those in the previous section the demand curve bounds are far wider reflecting perhaps the more general nature of the substitution possibilities in a six good system compared to a three good system. We then use the separability restriction on the "other goods" (alcohol and tobacco, other nondurables, services and travel) and recompute the E-bounds focussing on the own price response of Food In and the cross price effects on the demand for food consumed outside the home. The results are shown by the inner dashed Figure 13 : Separability in a Higher Demension System -The own price demand bounds for Food In bounds. A large improvement in the bounds is apparent but note that the resulting bounds form this separable system are wider than those for the three good system because of the flexibility over the choice of Afriat numbers compared to simple aggregation -precisely as one would expect given the discussion around Figure 2 . Figure 13 show that the gains are equally large for the cross-price effect on food consumed outside the home.
Summary and Conclusions
The research reported in this paper forms part of a broad agenda examining key dimensions by which revealed preference bounds on consumer demand responses to price variation can be improved. In earlier research we have shown how improvements can arise from using expansion paths for given relative prices, E-bounds. We have also documented conditions under which new price information improves these E-bounds. In this paper we have considered the way in which revealed preference bounds on consumer demand responses to price variation can be improved using separability assumptions. We have also shown how to impose these separability assumptions within a fully nonparametric analysis and distinguish between weak, homothetic and exact index separability.
Looking forward, we would like to examine the distribution of demands across the heterogeneity distribution and not focus on average demands at all, see Brown and Matzkin (1998) .
If we describe consumer behaviour by the share equations w = g(ln x, ln p, d, ε) where ε is a J − 1 vector of unobservable heterogeneity then global invertibility is required to identify the complete distribution of demands (see Brown and Matzkin (1998) and Beckert and Blundell (2005) ). In this case generalisations of quantile regression are required for estimation, see Matzkin (2006) . For the more limited case considered here we could ask whether there is a general interpretation of local average demands that is consistent with consumer behaviour.
For empirical demand analysis a natural assumption is that unobservable preference heterogeneity, conditional on observable demographics, is independent of prices and total outlay: tions iff H(.) is symmetric and positive semidefinite. 7 If H is small relative to the the Slutsky matrix for these average demands, then the system will be 'close' to integrable. This result extends the usefulness of the local average regression results used in this paper in the presence of nonseparable unobserved heterogeneity. However, as stressed above, in future research we will want to describe and predict the complete distribution of demands. 7 For example, in the Almost Ideal Demand system (Deaton and Muellbuaer, 1980) , heterogeneity in the a(p) parameters would automatically satisfy this condition.
